Abstract. In the paper we use the theory of framed correspondences to construct MilnorWitt transfers on homotopy modules. As a consequence we identify the zeroth stable A 1 -homotopy sheaf of a smooth variety with the zeroth homology of the corresponding MWmotivic complex and prove that the hearts of the homotopy t-structures on the stable A 1 -derived category and the category of Milnor-Witt motives are equivalent. We also show that a homotopy invariant stable linear framed Nisnevich sheaf admits a unique structure of a presheaf with MW-transfers compatible with the framed structure.
Introduction
The theory of framed correspondences was introduced by Voevodsky in [16] and developed by Garkusha and Panin [9, 10] . This theory can be seen as an enhancement of Voevodsky's theory of presheaves with transfers [12] adjusted to the setting of motivic homotopy theory. Presheaves with transfers have a wrong-way maps (transfers) along the finite surjective morphisms Z → X; for framed presheaves one has transfers along finite surjective morphisms Z → X equipped with the additional data: (1) a factorization Z i − → A n × X p − → X, where i is a regular embedding and p is the projection, and (2) trivialization of the normal bundle N i . Every presheaf on the category of smooth varieties over a field that can be factored through the motivic stable homotopy category has a canonical structure of a presheaf with framed transfers.
Calmès and Fasel introduced another enhancement of presheaves with transfers, the so-called presheaves with Milnor-Witt transfers [4] . These presheaves have wrong-way maps along the finite surjective maps equipped with a certain unramified quadratic datum (that endows the morphism with a kind of an orientation). The theory was subsequently developed in [5, 7, 8] .
In this paper we study the relations between the theories based on framed and Milnor-Witt correspondences over an infinite perfect field k of characteristic different from 2. We construct a "forgetful" functor ZF * (k) → Cor(k) (see Proposition 7.8 ; there is another construction given in [7] ) and obtain the following comparison results. Recall that π 0 (Σ ∞ P 1 X + ) 0 ∼ = H ZF 0 (X) by [9, Theorem 11.1 and Corollary 11.3], so this theorem provides a reasonable description for the zeroth stable motivic homotopy sheaf of X. A similar answer with X being a smooth projective variety was obtained by different techniques in [3, Theorem 4.3.1] and [1, Theorem 1.2], see also [1, Theorem 1.3] for the case of a smooth curve.
Corollary (Corollary 8.11).
Let M be a homotopy invariant stable ZF * -sheaf. Then M admits a unique structure of a presheaf with MW-transfers compatible with the framed structure.
The paper is organized as follows. In section 2 we recall the main definitions of the theory of framed correspondences and list important properties of presheaves with framed transfers that follow from [10] . In section 3 we construct framed transfers on a homotopy module and prove that every homotopy module has a unique structure of a stable ZF * -sheaf such that the suspension isomorphisms agree with framed transfers. In section 4 we provide a description of framed transfers via a trivialization of the conormal sheaf for the support (see Corollary 4.9) . In sections 5 and 6 we use the framed structure on homotopy modules to construct the pushforward map on cohomology groups of homotopy modules. For a map f : X → Y of smooth varieties with a closed subset Z ⊂ X finite over Y we locally construct a framed enhancement for f giving a wrong-way framed correspondence then use Cousin complex to glue the induced maps into a pushforward map from the twisted cohomology of X with support on Z to the cohomology of Y (Definition 6.3). The resulting pushforward maps coincide with the transfer maps constructed in [13, §3,4 ], but we need the framed interpretation to prove a special case of the base change theorem 6.11. In section 7 we recall the main definitions of the theory of Milnor-Witt correspondences introduced in [4] and discuss the natural action of the framed correspondences on the Milnor-Witt ones. Then we use the pushforward maps introduced in section 6 to define an action of Milnor-Witt correspondences on the cohomology groups of homotopy modules. In Proposition 7.8 we construct a functor from the category of linear framed correspondences to the category of MW-correspondences. Such functor was also constructed in [7] , but our approach is a different one and is based on the natural action of framed correspondences on the cohomology of Milnor-Witt K-theory. In the section 8 we prove that every homotopy module has a unique structure of a presheaf with Milnor-Witt transfers that agrees with the framed structure. Then we derive the two main results of the article: establish an isomorphism between the zeroth stable motivic homotopy sheaf of X with the zeroth homology of the MW-motive of X and show that the categories of homotopy modules, homotopy modules with MW-transfers and framed homotopy modules are equivalent.
Throughout the paper we employ the following notation.
k an infinite perfect field of char = 2 Sm k the category of smooth quasi-projective schemes over k Shv • the category of pointed Nisnevich sheaves of sets on Sm k ShvAb the category of Nisnevich sheaves of abelian groups on Sm k X + the pointed scheme X ⊔ Spec k considered as an object of Shv • P 1 the pointed sheaf represented by the pointed scheme (P 1 , ∞) T the quotient A 1 /G m considered as an object of Shv
the n-fold smash power of the respective objects of Shv • σ n : P ∧n → T n the n-fold smash power of σ sheaf Nisnevich sheaf 1.1. Acknowledgements. This work was initiated during the program "Algebro-Geometric and Homotopical Methods" at the Institut Mittag-Leffler in 2017. Authors would like to thank the organizers Eric Friedlander, Lars Hesselholt, and Paul Arne Østvaer.
Homotopy invariant stable ZF * -sheaves
The notion of framed correspondences was introduced by Voevodsky in [16] and studied by Garkusha and Panin in [9] . We briefly recall the main definitions and constructions and refer the reader to [9] and [10] for the details. 
The triples (Z, U, f ) and (Z ′ , U ′ , f ′ ) are said to be equivalent if Z = Z ′ and there is anétale neighborhood V of Z in U × X U ′ such that f and f ′ coincide on V.
2.2.
Lemma (Voevodsky; see also [9, Corollary 3.3] ). For X, Y ∈ Sm k and closed subsets A ⊂ X and B ⊂ Y there is a canonical bijection
where tw 1 permutes P ∧m with T n and tw 2 permutes T m with T n .
2.4. Definition. For X, Y ∈ Sm k we write Fr n (X, Y ) for Fr n (X + , Y + ). The set Fr n (X, Y ) is pointed by the trivial morphism sending everything to the distinguished point. Lemma 2.2 in this particular case identifies Fr n (X, Y ) as the set of equivalence classes of quadruples (Z, U, φ, f ) where
′ such that φ and f coincide on V with φ ′ and f ′ respectively.
2.5. Definition ([9, Definition 2.3]). The category Fr + (k) has the objects those of Sm k , the hom sets given by
Fr n (X, Y ) and the composition given by Definition 2.3. There is an obvious functor Sm k → Fr + (k) identical on objects and tautological on the morphisms
A presheaf on the category Fr + (k) is called a framed presheaf. For X ∈ Sm k we denote Fr + (X) the framed presheaf given by U → Fr + (U, X).
is given by the composition
where tw 1 twists P ∧n with F ′ and tw 2 twists T n with G ′ .
2.7.
Definition. The external product with σ : P 1 → T considered as an element of Fr 1 (k, k) gives rise to the suspension map
with A being the subgroup generated by the formal linear combinations
The category ZF * (k) has the objects those of Sm k , hom sets given by
and the composition induced by the composition in Fr + (k). Note that ZF * (k) is an additive category with the direct sum given by X ⊔ Y and that there are obvious functors Sm k → Fr + (k) → ZF * (k). An additive contravariant functor ZF * (k) → Ab is called a ZF * -presheaf (or a linear framed presheaf). A ZF * -presheaf restricting to a sheaf on Sm k is called a ZF * -sheaf. We say that a presheaf of abelian groups F : Sm op k → Ab admits a structure of a ZF * -presheaf if it can be extended to a ZF * -presheaf,
op Ab 2.9. Definition. For X ∈ Sm k denote ZF n (X) the presheaf given by
The suspension map of Definition 2.7 descends to a morphism of presheaves
and gives rise to a ZF * -presheaf
2.10. Lemma (cf. [10, the discussion above Theorem 1.1]). A framed presheaf of abelian groups F admits a structure of a ZF * -presheaf if and only if the natural map
Proof. A ZF * -presheaf is an additive functor, so one implication is clear.
Suppose that F is a framed presheaf and
be the following morphisms:
• p is the identity on both copies of Y , • p 1 is the identity on the first copy of Y and sends the second copy of Y to the distinguished point, • p 2 is the identity on the second copy of Y and sends the first copy of Y to the distinguished point. By the assumption we have
we have
By the above we have
2.12. Definition. For X ∈ Sm k denote H ZF 0 (X) the sheaf associated with the presheaf
Here i 0 , i 1 : U → U × A 1 are given by i 0 (u) = (u, 0) and i 1 (u) = (u, 1) respectively. For n 0 put
with f i induced by the embedding G n−1 m → G n m inserting 1 at the i-th place. 2.13. Lemma. For X ∈ Sm k the sheaf H ZF 0 (X) admits a canonical structure of a homotopy invariant stable ZF * -presheaf.
Proof. The presheaf
admits a canonical structure of a ZF * -presheaf being the cokernel of a morphism of ZF 
Proof. Consider the Leray spectral sequence 
It is straightforward to see that if M is a homotopy invariant stable ZF * -sheaf then M −1 is also homotopy invariant stable ZF * -sheaf.
2.16. Lemma. The functor M → M −1 is exact on the category of homotopy invariant stable ZF * -sheaves.
Proof. It is clear that the functor is left exact.
Suppose that M → N is an epimorphism of homotopy invariant stable ZF * -sheaves. The projection p : G m × X → X gives a splitting
The cokernel presheaf Q = coker(M → N ) is a homotopy invariant stable ZF * -presheaf as well as the presheaf Q(G m × −). By [10, Theorem 2.15(c)] the pullback
is injective. Applying [10, Theorem 2.15(a)] to the presheaf Q considered as a ZF * (k(U ))-presheaf we obtain that the pullback
is injective whence the pullback
is injective as well. By the assumption Q(Spec k(G m × U )) = 0 whence the claim.
3. Framed structure for homotopy modules 3.1. Definition. Let Π * (k) denote the category of homotopy modules, i.e. pairs (M * , φ * ) where M * is a Z-graded strictly homotopy invariant sheaf and φ i : M i → (M i+1 ) −1 are isomorphisms. We usually shorten the notation and refer to a homotopy module (M * , φ * ) as M * . 
H that provides an equivalence between Π * (k) and the heart of the homotopy t-structure on SH(k). Here π 0 (E) * is the graded sheaf associated to the family of presheaves
and HM * is the Eilenberg-Maclane spectrum of the homotopy module M * [14, the discussion above Theorem 5.2.6]. The main result of this section claims that every homotopy module M * carries a unique structure of a homotopy invariant stable ZF * -sheaf such that the isomorphisms
are compatible with the framed transfers.
gives rise to a morphism
Here id Y+ ∧ σ n is the isomorphism induced by the canonical A 1 -equivalence σ :
It is straightforward to see that the assignment gives rise to a functorr :
for all X, Y ∈ Sm k . The claim follows by the same reasoning as in Lemma 2.10.
3.5. Definition. Let Π fr * (k) denote the category of framed homotopy modules, i.e. the category of pairs (M * , φ * ) where M * is a Z-graded homotopy invariant stable ZF * -sheaf and φ i : M i → (M i+1 ) −1 are isomorphisms of ZF * -sheaves. We usually shorten the notation and refer to a framed homotopy module (M * , φ * ) as M * . Recall that a homotopy invariant stable ZF * -sheaf is strictly homotopy invariant by [10, Theorems 16.10 and 16.11] . Forgetting about the framed structure we obtain a forgetful functor
Proof. Lemma 3.4 yields that for E ∈ SH(k) and every i ∈ Z the presheaf
is a stable ZF * -presheaf which is obviously homotopy invariant. The associated sheaves π 0 (E) i are homotopy invariant stable ZF * -sheaves by [10 
fr * (k) be the functor given by Lemma 3.6. Then the composition with the Eilenberg-Maclane functor gives rise to a functor
Lemma. There is a canonical isomorphism of framed homotopy modules
by [9, Theorem 11.1 and Corollary 11.3]. The canonical map
3.10. Lemma. For a framed homotopy module M * there exists is a surjection of framed homotopy modules j∈J H ZF 0 (X j ) * +nj → M * for some J, X j and n j .
Proof. Every a ∈ M i (X) defines a morphism of ZF * -presheaves ZF * (X) → M i . Since M i is homotopy invariant and stable, the morphism factors through H ZF 0 (X) yielding a morphism
m ) combined with the reasoning above gives rise to a morphism of ZF * -sheaves
Iterating we obtain compatible morphisms of ZF * -sheaves
e. a morphism of framed homotopy modules H ZF 0 (X) * −i → M * . The direct sum of such morphisms for all a ∈ M * (X) and all (isomorphism classes) of X gives the claim.
3.11. Proposition. The functors
are inverse equivalences of categories.
Proof. The isomorphism Φ fr • Ψ fr ∼ = id is immediate. For a framed homotopy module M * Lemma 3.10 provides a resolution
Lemma 3.9 shows that Ψ fr • Φ fr ∼ = id for the resolution whence the claim.
3.12. Definition. Let M * be a homotopy module. Put
with M * = i∈Z M i considered as a complex concentrated in the zeroth degree. Then for a closed subset S ⊂ X ∈ Sm k we have the following isomorphisms:
The first isomorphism is given by Lemma 2.16 combined with Proposition 3.11, the second one is well-known and the rest are induced by the canonical
3.13. Lemma. For a homotopy module M * and a ∈ Fr n (X, Y ) the restriction a
Proof. It is straightforward to see that the above rule endows M * with the structure of a framed homotopy module. The equivalence Ψ fr •Φ fr ∼ = id from Proposition 3.11 yields that such structure is unique.
with π : U → X being the projection map. Then a takes (X − a −1 (S)) + ∧ P ∧n to (Y − S) + ∧ T n+l and induces a morphism of sheaves
For a homotopy module M * the morphism yields a homomorphism
Applying the isomorphisms from Definition 3.12 we obtain a map
* (m) with ∆ : U → U × U being the diagonal map gives rise to a pairing of framed presheaves
If M is a homotopy invariant stable ZF * -sheaf this pairing descends to a morphism of ZF * -sheaves 
induced by the external product in cohomology.
3.16. Lemma. For a framed homotopy module M * , smooth varieties
in the notation of Definition 3.14. Proof. Straightforward, since all the maps a * 1 , a * 2 and (a 1 ⊠ a 2 ) * are induced by the respective morphisms of sheaves.
3.17. Lemma. Let M * be a homotopy module, S ⊂ Y ∈ Sm k be a closed subset and a ∈ Fr n (Y, k).
* is given by Definition 3.14,
• α · a is given by the module structure of Definition 3.15.
Proof. Both sides of the equality are given by the composition
3.18. Lemma. For Y ∈ Sm k and A ∈ GL n (Y ) consider the correspondence • Z is a closed (not necessarily reduced) subscheme of A n X finite over X,
Proof. We have
, is a collection of global sections that generate I/I 2 as an O Z -module with I being the sheaf of ideals defining Z,
We refer to Z red as the support of c.
where Z × 0 is the closed subset in A n+1 X = A n X × A 1 and Σ(φ) = (φ 1 , . . . , φ n+l , t) with t being the coordinate function on the last copy of A 1 . 
to be the map given by
(1) The diagram (1) The diagram Note that Θ from Definition 4.2 can be restricted to a map 
Proof. Straightforward.
4.6.
Lemma. Let X, Y ∈ Sm k and p : Y → X be a finite morphism. Suppose that Y is affine and that there is anétale map π : Y → A d k . Then the mapΘ p : Fr n (X p ← − Y ) → Fr V n (X p ← − Y ) introduced in Definition 4.2 is surjective. Proof. Choose c = (Z, φ, g) ∈ Fr V n (X p ← − Y )and let I ⊂ k[A n X ] be the ideal corresponding to Z. Take an arbitrary lift of φ= (φ 1 , . . . , φ n+l ) ∈ H 0 (A n X , I/I 2 ) to ψ = (ψ 1 , . . . , ψ n+l ) ∈ H 0 (A n X , I). Note that I = ψ 1 , . . . , ψ n+l + I 2 yields that (ψ 1 , . . . , ψ n+l ) defines Z in some affine Zariski neighborhood U ′ of Z in A n X . The composition π • g : Z → A d k can be extended to a morphism g ′ : U ′ → A d k making the following diagram commute. Z g / / Y π U ′ g ′ / / A d k Put U ′′ = U ′ × A d k Y . The morphism U ′′ → U ′ isétale since Y → A d k isétale. Moreover, Z × U ′ U ′′ = Z ⊔ Z ′ whence U = U ′′ − Z ′ is anétale neighborhood of Z in A n X . Then for the projections ρ U ′ : U → U ′ and ρ Y : U → Y we have Θ p (Z, U, ψ • ρ U ′ , ρ Y ) = (Z, φ, g).
Lemma. In assumptions of Lemma 4.6 suppose that
such that H| X×A 1 = a and H| X×A 1 = b.
Proof. Let a = (Z, U, φ, g) and
of Z we may assume that U = U ′ . Then both the collections of regular functions φ, φ ′ generate the same ideal
and, moreover,
Then for the zero set we have
Similar to the proof of the previous Lemma we can extend
Here i is the closed embedding and
gives the claim.
4.8.
Definition. For X, Y ∈ Sm k and a finite map p :
Denote by Fr n (X p ← − Y ) (resp. Fr 
Proof. Follows from Lemmas 4.6 and 4.7.
4.10. Definition. Let X, Y ∈ Sm k and p : Y → X be a finite morphism.
Here on the right-hand side we take the matrix multiplication of the row φ = (φ 1 , . . . , φ n+l ) by the matrix A.
Proof. Consider the map
given by the formula
I(y, t) = ((1 − t)i(y) + tj(y), t(t − 1)i(y), t).
This morphism is a morphism over X × A 1 whence I is finite, moreover, it is clear that I is a monomorphism. Thus I is a closed embedding. Denote by N I the normal bundle for the embedding. Lindel theorem [11] yields that
with π : Y × A 1 → Y being the projection. Since I| Y ×{0} is the suspension of inclusion i, the pullback of the suspension of φ gives a trivialization of N I which we denote Φ. We obtained
with (I, Φ)| X×{0} = Σ n (i, φ) and (I, Φ)| X×{1} = (j × {0}, ψ ′ ) for some trivialization ψ ′ of the normal bundle for the embedding j × {0} : Y → A n X × A n . The claim follows, since every two trivializations differ by some matrix A ∈ GL 2n+l (k[Y ]).
Pushforward maps: finite morphisms
5.1. Definition. For X ∈ Sm k , a closed subset S ⊂ X and a sheaf of abelian groups M the Cousin complex C • S (X, M ) is the complex
with the terms given by C n S (X, M ) =
and the differential induced by the colimit of the connecting homomorphisms 
This morphism depends only on the class of a in Fr n (X p ← − Y ).
Proof. For closed embeddings
are induced by the maps
respectively. Since a * is induced by a morphism of sheaves (see Definition 5.3) then it fits into the following commutative diagram.
The colimit with respect to Z ′′ ⊂ Z ′ ⊂ Z ⊂ X gives the desired morphism of complexes. Since M * is strictly homotopy invariant, a * depends only on the class in Fr n (X p ← − Y ).
5.5.
Remark. In the notations of the above Lemma the assignment
defines a sheaf on the small Zariski site of X and a * gives rise to a morphism of complexes 
for X, Y ∈ Sm k and a morphism p : Y → X.
Definition. In the notation of Definition 5.2 for a closed subset
for the composition
Here 5.9. Lemma. For X ∈ Sm k and a finite collection of points x 1 , . . . , x n ∈ X there exists a Zariski open U ⊂ X, x i ∈ U, i = 1, . . . n, and anétale map f :
. . n, iś etale at x 1 , . . . , x n whence the claim.
5.10. Definition. In the notation of Definition 5.2 let S ⊂ X be a closed subset and L be a line bundle on X. Define the pushforward map
as follows. By Lemma 5.9 we can find an open cover n i=1 U i = X such that for every i the following holds:
( 
do not depend on the choice of a i and θ i and, in particular, coincide on the intersections V ij = V i ∩ V j . Then p i * -s give rise to the pushforward map p * making the following diagram commute.
It also follows from Lemma 5.8 that p * does not depend on the cover.
5.11.
Lemma. In the notation of Definition 5.2 let V ∈ Sm k and q : V → Y be a finite morphism.
Then for a line bundle L over X and a closed subset S ⊂ X one has
Follows from Lemma 4.5 and the construction.
5.12.
Lemma. In the notation of Definition 5.2 for a closed subset S ⊂ Y the pushforward map
Proof. Since i * is a morphism of complexes of Zariski sheaves we may shrink X. Thus we may assume that there exists a ∈ Fr 0 (X
is an isomorphism. Taking the colimit along Z we obtain the claim. 5.13. Corollary. For X ∈ Sm k , x ∈ X (n) , a line bundle L on X and a homotopy module M * the pushforward map
for the embedding i x : x → X is an isomorphism.
Proof. There is a Zariski open x ∈ U ⊂ X such that S = x ∩ U is smooth. Lemma 5.12 applied to the closed embedding i : S → U yields an isomorphism
which restricts to the desired isomorphism.
5.14. Corollary. For X ∈ Sm k , a closed subset S ⊂ X, a line bundle L on X and a homotopy module M * the pushforward map
Proof. Follows from Lemma 5.12. The commutativity of the diagram immediately follows from the definition of the pushforward map.
6. Pushforward maps: general case
and let L be a line bundle on X. For y ∈ Y (n) such that f : y → f (y) is finite define (f * ) y to be the morphism making the following diagram commute.
Here the vertical isomorphisms are given by Corollary 5.13 and the bottom morphism is the pushforward morphism from Definition 5.10 for the finite morphism f | y : y → f (y).
6.2. Proposition. In the notation of Definition 6.1 let S be a closed subset of Y finite over X. Then the maps (f * ) y for y ∈ S define a morphism of complexes
Proof. Consider the case of trivial L, the proof in the general case is the same.
be the preimages of x ′ in y. We need to check that the diagram
commutes. Let Z → y be the normalization.
There exists Zariski open subsets U ⊂ Y and V ⊂ X such that
Then p : Z → U and f • p : Z → V are finite maps between smooth varieties and Definition 5.10 gives morphisms of complexes
Then the squares in the diagram
commute. Here y 
is an isomorphism. 6.3. Definition. In the notation of Definition 6.1 let S be a closed subset of Y finite over X. Then applying Proposition 6.2 and taking cohomology we obtain pushforward maps
The constructed pushforward maps are functorial by Lemma 5.11.
The outer contour and the lower square commute by the definition of pushforward maps for finite morphism. The upper triangle commutes by functoriality of pushforward maps. The map i * is an isomorphism by Lemma 5.12. Thus the right triangle commutes as well and taking colimits along neighborhoods of y we obtain the claim.
Suppose that f admits a framed enhancement. Then for c ∈ Fr n (V, W ) and a closed subset S ⊂ W × Y finite over W × X the following diagram commutes.
Here were shortened the notation as
be a framed enhancement of f . Lemma 6.10 yields that
The claim follows from the commutativity of the following diagram which is straightforward.
and S ⊂ Y be a closed subset finite over X. Suppose that f admits a framed enhancement. Then for a homotopy module M * and c ∈ H j S ′ (V, K MW n ) the following diagram commutes.
in D(ShvAb(k)) the external product m × c is given by the map
and the claim follows.
7. Milnor-Witt correspondences
The group of finite MW-correspondences is defined as
where the colimit is taken along all the admissible closed subsets S ⊂ X × Y , i. 
is an isomorphism by Corollary 5.14.
7.3. Definition. Let X, Y, V ∈ Sm k and S ⊂ X ×Y be a closed subset. Then every a ∈ Fr n (V, X) defines a unique homomorphism a * making the following diagram commute.
Here a −1 (S) = (a ⊠ id Y ) −1 (S), the vertical isomorphisms are given by Remark 7.2 and the bottom morphism is the pullback on the cohomology introduced in Definition 3.14.
Note that if S ⊂ X × Y is admissible then a −1 (S) ⊂ V × Y is admissible as well. The homomorphism a * commutes with the inclusions of admissible subsets and gives rise to a homomorphism
It is straightforward to check that (a • b) * = b * • a * for W ∈ Sm k and b ∈ Fr m (W, V ). Then the above rule endows Cor(−, Y ) with the structure of a framed presheaf. Lemma 2.10 yields that this structure descends to the structure of a ZF * -presheaf and gives rise to a homomorphism
where 1 Y ∈ Cor(Y, Y ) is the identity morphism. 
Proof. Follows from Corollary 5.14.
7.5. Definition. Let X, Y, V ∈ Sm k , S ⊂ V × X be an admissible closed subset and Z ⊂ X × Y be a closed subset. Denote p : V × X × Y → V × Y the projection and put d = dim X. For a homotopy module M * define a pairing
Lemma. In the notation of Definition 7.5 suppose that X → Spec k admits a framed enhancement. Then for every W ∈ Sm k and a ∈ Fr n (W, V ) the following square commutes. 
is injective, thus it is sufficient to prove the claim for an open subset V 0 . Note that
Thus taking V 0 to be sufficiently small, shrinking X to X 0 and Y to Y 0 accordingly and applying Lemma 5.9 we may assume that X and Y admitétale maps to affine spaces.
The bottom triangle commutes: compare the formula from Definition 7.5 with [4, §4.2] in the case of ω Y ∼ = O Y (see also Remark 6.5). The commutativity of the upper half is straightforward, since i * commutes with all the involved pullbacks (Lemma 6.11), pushforwards (functoriality of pushforward maps) and external products (Lemma 6.12).
3 gives rise to a functor
Applying the reasoning similar to the one used in the beginning of the proof of Lemma 7.7 we may assume that X → Spec k admits a framed enhancement. Then the diagram commutes by Lemmas 7.6 and 7.7.
Then for b ∈ ZF * (Y, Z) and a ∈ ZF * (X, Y ) we have
Since D clearly respects the identity morphisms the claim follows. Proof. Applying the reasoning similar to the one in the beginning of the proof of Lemma 8.4 we may assume that X and Y admitétale morphisms to the affine spaces of respective dimension. Lemma 7.7 yields that • can be interpreted in the terms of ∪ which is defined using external product, pullback and pushforward. A straightforward although rather lengthy computation shows that the claim follows from Lemmas 6.11 and 6.12. 8.13. Remark. Recall that the category of homotopy modules is equivalent to the heart of the homotopy t-structure on the stable A 1 -derived category D A 1 (k) (see, for example, [3, Theorem 3.3.3]). In a similar way one can show that the category of homotopy modules with MWtransfers is equivalent to the heart of the homotopy t-structure on the category of MW-motives DM(k) introduced in [7] . 8.14. Corollary. The forgetful functor DM(k) → D A 1 (k) induces an equivalence on the hearts of the homotopy t-structures. 
